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Abstract 

In this work we consider three examples of random singular perturba¬ 
tions in multi-dimensional models of waveguides. These perturbations are 
described by a large potential supported on a set of a small measure, by a 
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all cases we prove initial length scale estimate. 
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1 Introduction 

One of the approaches for describing wave processes in disordered media are ran¬ 
dom Hamiltonians, which are elliptic operators in unbounded domains depending 
on a countably many independent identically distributed random variables. Such 
operators are quite intenstively studied. One of issues in question is the spectral 
localization. The latter means that the whole spectrum or a part of it are pure 
point with the probability one. There are many works where such property of the 
spectrum was studied for numerous particular examples, see, for instance, m 
|39j . and the references therein. One of the known ways for proving the spectral 
localization is the multiscale analysis, HU, HU. It is based on a certain induction 
whose basis is the initial length scale estimate. 

In paper [5], there was proposed a general approach for proving initial length 
scale estimate for operators with small random perturbations. The perturbations 
were described by abstract symmetric operators being small w.r.t. the original 
unperturbed one. Under minimal conditions for the perturbations, the initial 
length scale estimate was proven at the bottom of the spectrum. Such general 
approach allowed the authors to consider various examples both known and new. 

The present paper is a continuation of work [3]. We consider three examples of 
random perturbations. Each of them is not regular, i.e., small w.r.t. the original 


1 


unperturbed operator. Moreover, these perturbations are singular in some sense. 
At that same time, we show that the results of [5] on initial length scale estimate 
can be extended for the considered perturbations. This is the main result of the 
present paper. 


2 Formulation of problem and main results 

Let X = {x',Xn+i), x' = (xi,..., a;„) be Cartesian coordinates in and R”, 

respectively, n ^ 1. By fl we denote an inhnite multi-dimensional layer of width 
d > 0: 

n := {a: : 0 < Xn+i < d}. 

In layer fl, we consider the operator 

?f°:=-A + l/o, (2.1) 

where Vq = Vo(x„+i) is a bounded measurable potential. As the boundary condi¬ 
tion on tin, we choose the Dirichlet or Neumann condition: 


Rn = 0 (2.2) 

on 5n, where Bu = u or Bu = . We do not exclude the situation, when on 

the upper and lower boundaries of 911 the boundary conditions of different types 
are imposed. 

Operator yP is considered as unbounded in space L 2 (n) on the domain 2) ("H^) : = 
{u G iL^(n) : condition fl2.2p is satished on 911}. 

Let us describe random perturbation. Let L be a periodic lattice in R'^ with 
the periodicity cell □' and □ := {x : x' G 0 < Xn+i < d}. By = W^{x') 
we denote a continuous compactly supported function R"^, and W® = IT® (tO, 

^ = (^ 1 ,..., ^„+i), stands for a function in R^"+^ 1-periodic w.r.t. each of the 
variables i = 1,... ,n, having a zero mean 

lT®(x, ^) = 0 for each x G R”'''\ (2.3) 

(0,l)"+i 

and compactly supported w.r.t. x: 

supp 0 C M c □ e e R”+\ (2.4) 



where M is a some hxed set. We assume the following smoothness for function 
W®: 


^l«l + l/3|pps 


gC'(r2-+2)^ a,(3eZl, |a|^3, \(3\^1. 


9x0 9^/3 

By IT = IT (x) we denote a continuous function compactly supported in □: 


(2.5) 


supp IT d □. 
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Let S' d □ be a closed C"^-manifold of codimension 1, z/ be the normal to S outward 
w.r.t. the domain enveloped by manifold S, G C^{S) be a real non-negative 
function on S. 

By e we denote a small positivi parameter. We let: 

e) := , e > 0, 

e) := £ > 0, 

0 ) := 0 , W°^\x\ 0 ) := 0 , 


where 0 ^ a < 1 is a given number. 

Let u = {ujk)k&' be a sequence of independent identically distributed random 
variables with the values in segment [0,1]; the associated distribution measure is 
denoted by /r. We assume that this measure is dehned on [0,1]. By P := ^k&T^^ 
we denote the product of the measures on space ff := x^^rlO, !]• The elements of 
the latter space are sequences {oJk)k&:- By E(-) we denote the expectation value 
of a random variable w.r.t. probability P. 

The hrst two types of random perturbation are described by the operators: 

+ - k, euk), (2.7) 

fcer 

:= 77 ° + - k,xr.+i,euk). ( 2 . 8 ) 

fcer 

The third type corresponds to an operator with a small delta-interaction: 

:= 77° + - k)S{- - Sk), (2.9) 

fcer 

where Sk is a shift of manifold S by fc, namely, Sk ■= {x : [x' — k,Xn+i) G S}. In 
all three cases the boundary condition on 911 is described by identity fl2.2p . Notion 
02.91) is formal for indicating the operator in L 2 (n) associated with the sesquilinear 
form 


i)dit{u,v) := (Vu, Vu)L 2 (n) + ^ in 7.2(11). (2.10) 

fcer 

The domain of this form is the set of functions in 77^(11) having zero trace on 
the Dirichlet part of boundary 911. One more equivalent description of operator 
77 e,dit(^) jg operator —A -|- Vq in If with boundary condition fl2.2p on 911 and the 
boundary condition 


= 0 , 


du 



fc e T, 


( 2 . 11 ) 
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where _,_g — jump of function v at Sk being the difference 

of the values on tlie external and internal sides of S^- 

The main aim of the present work is to obtain initial length scale estimate for 
operators 

To formulate the main results, we shall make use of additional auxiliary nota¬ 
tions. Given a G T, iV G IN, the symbol fla^Ar stands for a piece of layer fl; 

r ” 

Ifa^iv := s X : x' = a + ajCj, ai G (0, A^), 0 < Xn+i < d 

^ i=l 

Here e*, z = 1,..., n is the basis of lattice T, i.e., 

T ;= < a; : x' = ajCj, a* G Z 

i=l 


We also denote 

^q,n := < x' G T : x' = a + 0 * 6 *, a* = 0, 1,. .., iV — 1 >. 

i=l ^ 

We observe that 

Ha^w := Dfc- 

By ^a,1v ('^) denote operators which are introduced in 

the same way as but on set Ila,N with additional 

Neumann condition on the lateral boundary. Namely, are the 

operators 

-A + I/ 0 + W^°%--k,euk) -A + Vo+ Y, W°^^{--k,Xn+i,eoJk) 

in n subject to boundary condition 02.21) on the upper and lower boundaries and 
subject to the boundary condition 

Oil 

— = 0 an„,^\an, (2.12) 

where v is the outward norm to the boundary. Operator is introduced 

by the (formal) identity 

K‘^i^)-=-^ + yo+ Y e^kW^^\--k)6{--Sk) 

in Ha^AT subject to boundary condition 02.2p on upper and lower boundaries and 
subject to boundary condition 02.12p . One can dehne it rigorously by means of 
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sesquilinear form similar to fl2.10p or by means of boundary conditions fl2.1ip for 

k G r^^jv- 

Let {u), ji = loc,osc,dlt be the minimal eigenvalue of operators 

^0 be the minimal eigenvalue of the operator 


(P 

dxl+i 


+ K) 


(0,d) 


subject to boundary condition fl2.2p at the end-points. The eigenfunction asso¬ 
ciated Ao is denoted by = t/’o(3^n+i) and it is assumed to be normalized in 
^ 2 ( 0 , d). 

Our first result provides an important lower deterministic estimate for the 
difference — Aq. 

Theorem 2.1. Suppose that n = 1, the origin lies in □' and 

I W\C)dC>0. (2.13) 

R 

Then there exist positive constants ci, C 2 , Ni such that for 

N ^ Ni and 0 < £ < (2-14) 

jVl-a 

the estimate 

E ^ 1 -“ (2.15) 

holds true. 

By IT® = lT®(a;,.^) we denote the solution to the equation 

A5lT:(a;,0 = 0, ^ e (0,1)"+' (2.16) 


subject to periodic boundary conditions obeying the orthogonality condition: 


j w:ix,0d^ = 0, 

(0,l)"+i 


(2.17) 


By identity fl2.3p . such problem for IT® is uniquely solvable. Moreover, it follows 
from 02.51) that function IT® has at least the same smoothness as IT®. 

Theorem 2.2. Suppose that n ^ 1, 

f W{x)ijl{xn+i)dx- j dxfjl{xn+i) f \V ^W:{x, P > 0. (2.18) 

□ □ (O.p'i+I 
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Then there exist positive constants Ci, C 2 , Ni such that for 


N^Ni 


0 < e < 


Cl 


the estimate 


\ 6:,osc 


{u) - Ao ^ 


Nn 


k&Va^N 


holds true. 

Theorem 2.3. Suppose that n ^ 1, 


s 

Then there exist positive constants ci, C 2 , Ni such that for 


N ^ Ni 


n <^1 


the estimate 





holds true. 


(2.19) 


( 2 . 20 ) 


( 2 . 21 ) 


( 2 . 22 ) 

(2.23) 


Our next deterministic results describe Combes-Thomas estimates for the con¬ 
sidered operators. We denote by xb = Xb{x) the characteristic function of a set 
5 C n, by II • ||x->-y we denote the norm of an operator acting from a Banach 
space X into a Banach space T, a(-) stands for the spectrum of an operator. 


Theorem 2.4. Suppose that a, fdi, (32 £ h, mi, m 2 G IN are such that Bi := C 

B 2 := n^ 2 ,m 2 na^Tv and the assumption of Theorem \2.1\ is satisfied. Then there 
exists A "2 G IN such that for N ^ N 2 the estimate 


{u) - A) Vs2lU2(nc,jv)-^i2(n„,jv) 




^„-C25dist(Si,S2) 
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holds true, where 6 := dist(A, cr('H^’^^^(a;))) > 0, Oi, C 2 are positive constants 
independent of e, a, N, 6, (3i, (32, mi, m 2 , A. 


Theorem 2.5. Suppose that a, f3i, (32 G B, mi, m 2 G IN are such that Bi := C Ila^Ar, 

B 2 := n^ 2 ,m 2 and the assumption of Theorem 12.21 is satisfied. Then there 

exists W G IN such that for N ^ N 2 the estimate 


llAi?i(K’TH - ^) AB2II ^2 (Hq , AT) —>-^2 (Hq, , JV ) 




C 


1 -C2<5dist(Si,S2) 
^ 1 


holds true, where 5 := dist(A, cr('H^’“'^(a;))) > 0, Ci, C 2 are positive constants 
independent of e, a, N, 6, (3i, (32, mi, m 2 , A. 
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Theorem 2.6. Suppose that a, /3i, (32 E F, mi, m 2 E IN are such that Bi := F[^i,mi C 
B 2 := F[_g 2 ,m 2 riQ^iv, and the assumption of Theorem \2.3M s satisfied. Then there 
exists N 2 E ¥1 such that for N ^ N 2 the estimate 


IIXi?i(K’,1vM - ^) ^Xb2\\ L2(B-c,^N)^L2{Tla^p 


< 


c 


lg-C2<5dist(Si,S2) 


holds true, where 6 := dist(A, cT('H^’‘]^*(a;))) > 0, Ci, C 2 are positive constants 
independent of e, a, N, 6, (3i, (32, mi, m 2 , A. 


Our first probabilistic result is presented in the next three theorems. 

Theorem 2.7. Suppose that 7 G IN, 7 ^ 17 and the assumption of Theorem A2.1\ 
is satisfied. Then the interval 


In — 


C 3 


Cl 




C3 : = 


2^- 


1 5 

l-a 

C 2 


is non-empty N ^ Ni, where Ni, ci, C 2 are from Theorem, \2.1[ For N ^ Ni and 
e E In the estimate 


f(uEQ: X(:]n{uj) - Ao ^ ^ iv(^-^)e-"^^' 


holds true, where constant C 4 > 0 depends only on distribution measure p,. 

Theorem 2.8. Suppose that 7 G IN, 7 ^ 17 and the assumption of Theorem, 12.21 
is satisfied. Then the interval 


In — 


C 3 


Cl 


1 ’ 




C3 := 


2 

1 

2(l-a) 


is non-empty A^ ^ A^i, where Ni, ci, C 2 are from Theorem, \2.tA For ^ A^i and 
e E In the estimate 

P (n; G O : A"„J(a;) - Aq ^ ^ , 

holds true, where constant C 4 > 0 depends only on distribution measure p. 


Theorem 2.9. Suppose that 7 G IN, 7 ^ 17 and the assumption of Theorem 12.31 
is satisfied. Then the interval 


In ■ = 


C 3 _ 

(E(4))'Arl’ivfJ ’ 


C 3 := 


4 

C2 


is non-empty N ^ Ni, where Ni, ci, C 2 are from Theorem \2.3[ For N ^ Ni and 
e E In the estimate 

P (w G O : A^’')^*(a;) - Aq ^ AT"^) ^ , 

holds true, where constant C 4 > 0 depends only on distribution measure p. 
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The next three theorems are initial length scale estimates for operators 


-t,£,osc/ n -i/e,dlt/ N 
'^a,N '^a,N 


Theorem 2.10. Suppose that a e T, 7 e IN, 7 ^ 17, G IN and e G In, where 
In is from Theorem \2. 7| and the assumption of Theorem \2.1\ is satisfied. We choose 
e I'a,N, mi,m 2 > 0 SO that Bi := c Ila^Ar, B 2 := C Ifa^AT. 

Then there exists a constant C 5 > 0 independent of e, a, N, fii, fi 2 , mi, m 2 such 
that the inequality 


( , _ C 5 dist(S]^ ,^ 2 ) 

U) ■ \\XBiiHa,Ni^) ~ -^)~^Xs2llL2(n„,jv)^i2(n,.]v) ^ 2 \/]Ve 
VA ^ Ao + ^ 1 - 

2VnJ 

holds true for N ^ max{A^ 7 ;^ 2 }j where Ni is from Theorem, \2.1l N 2 is from 
Theorem \2.4\ C 4 is from Theorem \2. 7 , 

Theorem 2.11. Suppose that a G T, 7 G IN, 7 ^ 17, 77 G IN and e ^ In, where In 
is from Theorem A2.Si. and the assumption of Theorem, \2.2\ is satisfied. We choose 
e I'a,N, mi,m 2 > 0 so that Bi := C Ha, at, B 2 := C n«,Ar. 

Then there exists a constant C 5 > 0 independent of e, a, N, fii, fl 2 , mi, m 2 such 
that the inequality 


( [— C 5 dist(5]^,52) 

e hi : ||XBi('^a, 7 v ('^) “ '^) XB 2 \\L 2 {n^,NWM'nc,N) ^ 2 \/]Ve 
VA ^ Ao + ^ 1 - 

holds true for N ^ max{77^, A'" 2 }, where Ni is from Theorem lil.il N 2 is from 
Theorem \2.fA C 4 is from Theorem \2.^ 

Theorem 2.12. Suppose that a G T, 7 G IN, 7 ^ 17, 77 G IN and e E In, where In 
is from Theorem \2.tA and the assumption of Theorem \2.S\ is satisfied. We choose 
fii,fi 2 e r„,Ar, mi,m 2 > 0 so that Bi := C Ha, at, B 2 := B-p 2 ,m 2 C Ila,N- 

Then there exists a constant C 5 > 0 independent of e, a, N, fii, fi 2 , mi, m 2 such 
that the inequality 

C 5 dist(g]^,g 2 ) 

CO G hi : ||XBi('^a>(^) - ^)~^XB 2 \\L 2 (n^,NWL 2 (^c,N) ^ 2\/]Ve 
VA ^ Ao + ^ 1 - 

2^/nJ 


holds true for 77 ^ max{77^, A'" 2 }, where Ni is from Theorem 1^.31 N 2 is from 
Theorem lil. 61 C 4 is from Theorem \2.tA 































Theorems I2.H - I2.12I are adaption of the main results in [3] to operators 
jj = loc, osc, dlt. They show how the general approach of work [3] can be extended 
for random perturbation not small w.r.t. the original operator, i.e., for non-regular 
perturbations. In the hrst two examples the presence of negative power of £ in the 
dehnition of potentials and make the perturbation singular. In partic¬ 
ular, potential is a classical example of perturbation in the homogenization 
theory [B]. The presence of a delta-interaction change the domain of the operator 
in comparison with the original one and it is singular in this sense. At the same 
time, as it is shown in the present work, these perturbation can be reduced to 
regular ones and then we can apply the approach of work [3]. The main idea is to 
use operators = loc, osc, dlt, see identities fl4.7p . fl5.4p . fib.ip . Keeping 

the spectrum, this operator transforms the original into a regular one, to which 
we can apply then the approach of work [3]. 

We note that in the deterministic case the operator with large potentials lo¬ 
calized on a set of a small measure were studied before, see, for instance, 0. im. 
It was the motivation of considering random perturbation on the basis of such 
potentials. 

It was shown in [31 Ex. 7] that instead of layer fl, random operators fl3.4p with 
Vo = 0 can be considered in a multi-dimensional case; the main result remain true. 
The same is true for our operators jj = loc, osc, dlt; for their analogues 

in multi-dimensional spaces Theorems 12.1112.121 are also true. 

3 Preliminaries 

The proofs of Theorem 12.1112.121 are based on the general approach developed in 
work [ 3 ]. This is why let us described the main results and the methods of this 
work. 

We begin with the formulation of the problem. Let C(t), t e [0, to], be a family 
of linear operators from iL^(n) into T2(n) described by the formula 

L!(t) := t£.i -\-jC,2 + (3-1) 

where : 77^(0) L 2 (n), i = 1,2,3, are bounded symmetric operators, and 

operator £3(7) is assumed to be bounded uniformly in t. In [3] operators C{t), 
£3(7) were dehned for t G [—to,to]- In our case it is sufficient to assume that 
dehned just for t G [0, to]. In order to satisfy formally the assumptions of work [ 3 ], 
as —to ^ t < 0 we let £(t) := £(—t), Cs{t) ;= so that £(t), C^{t) happen 

to be defined for t G [—to, to]. 

Operators £, £1, £2, £3 can be extended to operators acting from 77^(11) into 
£ 2 ( 11 ) as follows. For a function u G 77^(11), its restriction on □ belongs to 77^(n). 
This is why the action of operators £, £ 1 , £2, £3 is well-dehned on this restriction 
and the result of the action is an element of L2{0). We continue this element be 
zero in n \ □. The obtained function is the action of the required continuation of 
operators £, £1, £2, £3 on the given function u. In what follows these operators 
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are assumed to be continued in such a way. We observe that operators £, £i, £ 2 , 
£3 treated as operators in £ 2 (n) are generally speaking unbounded. 

Let 'Hn be the operator —A + Vq in □ subject to boundary condition 02 . 21 ) on 
9n n dn and to the Neumann condition on £?□ \ 911. 

For operators £ 1 , £ 2 , in [3] there were made two main assumptions: 

Al. The identity 

(£iV’o, '0o)L2(n) = 0 

holds true. 

A2. Let U be the solution to the boundary value problem 

(?^n-Ao)t/ = £iV'o (3.2) 

orthogonal to 'ipo in L 2 { 0 ). Assume that 

(£ 2 t/’o, t/’o)L 2 (n) “ {U, Ci'ipo)L2ia) > 0. (3.3) 

By S{k) we denote the shift operator acting by the rule: 

{S{k)u){x) = u{x' - k,Xn+i). 

We introduce the operator 

K,w(^) :=-A + W + 5^ S{k)C{euJk)S{-k) (3.4) 

in £ 2 (LlQ,Ar) subject to boundary condition 02 . 21 ) on the upper and lower boundaries 
and to boundary condition 02.121) . By we denote the minimal eigenvalue 

of operator '^^^^(a;). 

Under assumptions PAID . 0A2p . in [3] there were proven the following four 
theorems. 

Theorem 3.1. There exist positive constants ci, C 2 , W such that for 

N-^Ni 0<e<-^ 

the estimate 

- Ao ^ ^ 

holds true. 

Theorem 3.2. Suppose that a,l3i,l32 G T, mi,m 2 G IN are such that Bi := 
13 / 31 ,mi B 2 := Ll/ 32 _m 2 C LIq^/v Then there exists A 2 G IN such that for 

N ^ N 2 the estimate 

IIXBi('^«,Ar(^) - '^)~^XB2lU2(n„,jv)^L2(n„,iv) ^ dist{BuB2) 

holds true, where 5 := dist(A, cr('H^ jv('^))) > 0? ^2 are positive constants 

independent of e, a, N, 6, (3i, (32, mi, m 2 , A. 
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Theorem 3.3. Suppose that 7 G IN, 7 ^ 17. Then the interval 


In '■= 


C3 


_^ 

E{\uk\)NV 


C3 := 




is non-empty N ^ Ni, where Ni, ci, C 2 are from Theorem \S.l\ For N ^ Ni and 
e E In, the estimate 


f(uEQ: - Aq ^ ^ 


holds true, where constant C4 > 0 depends only on the distribution measure /i. 

Theorem 3.4. Suppose that a G F, 7 G IN, 7 ^ 17, G IN and e E In- We choose 
e r„,Ar, mi, m 2 > 0 such that Bi := C Ha, at, B 2 := 11^2,^12 C Ha, at. 

Then there exists a constant C 5 > 0 independent of e, a, N, (3i, j32, mi, m 2 such 
that the inequality 

( C 5 dist(g]^,g 2 ) 

e ^ : l|ABi('^a,iv(^) - A)“^XB 2 lU 2 (n,.iv)^i 2 (n„.iv) ^ 2 \/iVe viv 

VA ^ Ao + ^ 1 - 

2\fN J 

holds true for N ^ max{A^7)-^ 2 }? where Ni, N 2 is from Theorem \3.11 \3.1A C 4 is 
from Theorem \3.3[ 

It was mentioned in [Sj Rem. 2.9] that operators £ 1 , £2 can depend on t. We 
suppose that £1 = £i(t), £2 = £ 2 (^), t ^ [0,to]- For 1 ^ [~^ 0 ) 0 ) we redehne 
them as follows: £i(t) = £i(—t), £ 2 (^) = £ 2 (—^)- These operators should be 
assumed to be uniformly bounded for t E [0,to] as operators from H^{n) into 
L 2 (n)- Assumption flAlD should be satished for each t G [0,fo], while estimate 
03.31) in assumption 0A2D should be replaced by the following one: 


(£ 2 (t)' 0 O 5 ' 0 o)L 2 (n) “ (fA, £i(f)'^o)L2(n) ^ cq > 0 , t E [ 0 ,fo], ( 3 . 5 ) 

where cq is a constant independent of t. 

Let us stress certain features of the proofs of Theorems 13.1113.2113.3113.41 
Theorem 13.11 employs essentially the smallness of operator C{euk) for small £. 
At that, the symmetricity of this operator was not used in the proof; one just 
needed the reality of eigenvalue A^Af('^)- TFe only exclusion was the proof of an 
auxiliary estimate 

Aq ^ A^ Ar('^) ^ Aq + CA^ ^ (3-6) 

for a given constant C. Under the presence of this estimate and the aforemen¬ 
tioned reality of eigenvalue A^jY(a;), Theorem 13.11 remains true for non-symmetric 
operators £ 1 , £2 depending likely on t. 
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Theorem 13.21 does not need the smallness of operator C{eujk) but employs the 
symmetricity. It also requires the self-adjointness of operator The similar 

situation is for Theorems 13.3113.41 they require just the symmetricity of operator 
C{eujk) and self-adjointness of 'w^ll as validity of Theorem 13.11 Oper¬ 

ators Cl, £2 can again depend on t. 

Let us describe the scheme of the proof of Theorems 12.1112.121 In view of the 
dehnition of operators {u), jj = loc, osc, dlt, random perturbation in these 

operators can not be represented as fl3.ip that prevents a direct application of the 
results of work [3]. This is why for each of operators we construct a 

special bounded and boundedly invertible operator V^’5v(i^) in £2 (Ha, at) such that 

the operator (V^’5v(i^)) represented as 03.41) . At that, we 

have to introduce a new small parameter and new random variables. Generally 
speaking, operators Ci happen to be non-symmetric. But as it has been said 
above, this is a serious obstacle for proving Theorem 13.11 one just need to check 
the reality of eigenvalue and estimate 03.6p . It is clear that spectra of 

operators (V^’5v(i^)) and coincides. Thanks to the 

self-adjointness of the latter operator it ensures the reality of eigenvalue Aj’“’^(a;). 
Then we succeed to prove estimate 03.6p independently that finally leads us to the 
statement of Theorem 13.II for our particular operators {u). The formulation 

of the latter theorem for these operators is exactly Theorems 12.1112.2112.31 

Then we return back to original operators where random pertur¬ 

bation are not small anymore but symmetric. And as it has been said above, 
this fact and proven Theorems 12.1112.2112.31 are sufficient to prove general theo¬ 
rems 13.2113.3113.41 Being applied to our operators, they give immediately Theo¬ 
rems I2.4fl2.12l 

4 Random localized potentia 

The present section is devoted to the study of operator and the proof of 

Theorems 12.1112.4112.7112.1U1 

We begin with proving Theorem 12.11 We observe first that by the self-adjointness 
of operator (cj) its minimal eigenvalue is real. Then we transform operator 
to fl3.4|) . We recall that we consider the case n = 1. 

Let Wl = be the solution to the equation 

^ = W', e e R, (4.1) 

determined by the formula 

= ( 4 . 2 ) 

R 
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We note that outside the support of W^, function Wl is linear: 

/ »''(C)o!C- i / OV'iOdz 

R R 

to the right of the support of W* and 

w'iK) = -\i j w'{()d(; + ^ j (w'(Qdz 

R R 

to the left of the support of We let 

Qioc{x,e,u) := 1 + ^ - k,euk)xixi), 


(4.3) 


(4.4) 


(4.5) 


where function is introduced by the identities 

Wi-(xi,£) := ^ > 0 , := 0 . 

By X = x{^i) 'W6 denote an inhnitely differentiable cut-off function equalling one in 
a neighborhood of the origin and vanishing outside a bigger neighborhood. The size 
of the bigger neighborhood is supposed to be small enough so that it is contained 
in we recall that by our assumption the origin is an internal point of In 
view of the identities and the presence of cut-off function x, the second term in 
the right hand side of fl4.5|l is of order 


(euikY “ ^ k,euk)xixi-k) 

dxi 


^ - k,euJk)x{.Xi - k) 






(4.6) 


where constant C is independent of £, Xi, and oo. This is why the operator of 
multiplication by function Qioc{x,e,oj) is bounded and boundedly invertible in 
L 2 (n). We denote such operator by Since function Q\oc{-,e,u) belongs 

to C^(n), is independent of Xn+i and is identically equals to one in the vicinity 
of the lateral boundary of fla^Ar, operator V^’^(a;) maps the domain of operator 
onto itself. Employing equation fl4.ip . by straightforward calculations 
one can check easily that 




= -a + K) 

kj SOJk) T Aq Iqc 


(xi - k, euk) , 


(4.7) 
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where the operator in the right hand side is considered in IIq, with the same 
boundary conditions as Coefficients ^o^oc(^i ~ ^noc(^i “ 

determined by the identities 


Ai^Xoc{xi,e) := 
Ao^ioc{xi,e) := 


d 


Wl°‘'{xi,e)xixi), 


1 + e)x{,xi) dxi 

£ _ f^dWl°£xi,e) dx 

I + e‘^-^W£^{xi,e)x{xi) 

ioc/_ 


dxi dxi 


'Ai) 


+ W£\xi,e)-^{xi) 

^l-a 

^ 1 + e‘^~^Wl°'^{xi,e)x{,xi) 


x{x£W££xue)W^°£x^,e). 


These formulae and estimates fl4.6p imply that coefficients Aq i^^xi^ euk)■, ^xik) 

are bounded uniformly in Xi, e, u. This is why the operator in the right hand side 
of identity fl4.7p can be represented as fl3.4p if we take as a new small param- 

1 — a 

eter, ^ as new random variables, and fld.ip we let 


£1 0, £2 3, C2 ■—Ki,ioc{xi,t)- - \-KQ^ioc{xi,t), 

dxi 

where coefficients i^i,ioc, Ko,\oc are determined by the formulae: 


(4.8) 


.^Ijloc i^Xx , t) 

d^0,loc (^1) t') 


as f > 0 and 



(4.9) 


-^l,loc(^1: 0) . 0, -^0,loc(^l; 0) 


i j W'(0<K- 

R 


(4.10) 


The choice of the values for coefficients Ki^ioc{xi, 0), 7 ^ 0 , 100 ( 2 : 1 , 0) is arbitrary since 
£(0) = 0. The above choice of these values will be clarihed later, cf. Remark 14.11 
Let us prove that operator C{t) introduced by formulae fl3.ip . fl4.8p satisfies 
Assumptions flAip . flA2p . The hrst of them is satished since £1 = 0. To check 


14 

























the other, we hrst observe that for our case the solution to equation fl3.2p is zero: 
t/ = 0. This is why to check inequality fl3.5p . it is sufficient to estimate from below 
the scalar (£2(^)'0O) V’o)L 2 (n)- Since coefficients Ai, Aq are real-valued, the same 
is true for this scalar product. Formulae fl4.9lh estimates fl4.6p . identities fl4.4lh 

04.51) ■ and the fact that the supports of the functions ^ ~ cire 

disjoint for small t imply immediately that 

Kl^loc{XiA)^iJo{Xn+l) = 0 , 

(lX\ 

(7t'o,iocV’o,'0o)L2(n) = y Ko^\oc{xiA) dxi = j Ao{xi,t) dxi 

□' R 

= t^ j -^^{^-x{xi))Wl(^-^^ dxi + 0{t^) 

R 

= J dC + 0(f^). 

R 


These relations. Assumption 02.13p and dehnition 04.81) of operator £2 yield re¬ 
quired estimate 03.5p with cq = | / fF^(C) d(. 

R 

Remark 4.1. The above choice of value for Ao(xi,0) ensures estimate 03.5p for 
f = 0 with above mentioned constant Cq. 

In view of said in the previous section, to complete the proof of Theorem 12.11 
we just need to check estimates 03.6p . By the minimax principle for the original 
self-adjoint operator with test function tpQ we have 






^Ao 


E 




E llV’o|li2(n) 


^Ao + 


E 




E ll^olli^cD) 


<Ao + ^/ir'(C)dC<Ao + T 

R 
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and for sufficiently great A^i (cf. fl2.14p i we arrive at the right estimate in fl3.6p . 

To prove the left estimate in fl3.6p . in domain Ifo Tv we consider lateral bound¬ 
aries \ 5n of sets Dfc for each k G and on these surfaces we impose Neu¬ 
mann boundary conditions. Then by the minimax principle, eigenvalue 
is estimated from below by the minimal among smallest eigenvalues of operators 
fc e r„,Ar, on cells Dfc: 

(^) ^ ,min A^,’;r(a;.). 

a, AT 


Smallest eigenvalue A^’\°'^(a;A;) of operator is also the smallest eigenvalue 

of operator ■ According to fl4.7l) with a = k, N = 1, 

this operator is a small regular perturbation of operator —A -|- Vq in subject to 
boundary condition fl2.2p on and to Neumann condition on c}nfc\9n. This 

is why in accordance with the general theory of regular perturbations, A^’*°‘^(a;fc) 
has the asymptotics 


A^r(c^.) =Ao + 


{eojk) 


1—a 


p'l 


AlJoc( ■) T Aq ioc( 'j ) ”00 


,"00 I 


/ L 2 (n) 
(4.12) 


Formulae fl4.9p with t = {eojk) 2 yield that 

( Ai ioc( •, -h Aq ioc( •, ) V’O) V'o ) = [ W^iC) dC + 0{eujk), 

\ dXl J J J 


and hence, asymptotics fl4.12p becomes 

A'-y (...j = A„+hjhp I w'io <ic + onsutr^-). 

R 


Now by Assumption fl2.13p we arrive at the left estimate in 03.61) . The proof of 
Theorem 12.11 is complete. 

The proofs of Theorems 13.2113.3113.41 for operator (cj) are borrowed from 
[3] with no changes and it leads us to Theorems 12.4112.7112.101 

Remark 4.2. We observe that we consider operator with random localized 

potential only in a strip assuming n = 1. In the multi-dimensional case we can also 
construct transformation satisfying formula fl4.7p . Such transformation 

should be constructed as 04.51) and function Wl should be introduced as the solution 
to the equation 

e e R”, 

determined by the identity 


ipK) ■=- [E(i-t;)w\z)dz, 

R" 
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where E is the fundamental solution of Laplace operator R". At the same time, af¬ 
ter passing to the transformed operator, Assumption flA2p is not satished, namely, 
estimate 03.51) fails. This is the reason for introducing the aforementioned restric¬ 
tion for the dimension of layer If. 


5 Random fast oscillating potential 

In the present section we consider operator and prove Theorems l2. 2112.5112.8112.Ill 

The scheme of the proof follows the same lines as in the third section: we pay the 
main assumption to the proof of Theorem 13.11 for operator 12.21 After that, the 
proof of Theorems 13.2113.3113.41 is borrowed from [3] with no changes and being 
applied to operator it gives the statements of Theorems 12.5112.8112.111 

This is why in what follows we prove Theorem 12.21 only. 

Thanks to the self-adjointness of operator its smallest eigenvalue 

is real. Let us construct operator transforming operator 

to fl3.4p . We let 

Qosc{x, e,u) :=1+ ^ - k, Xn+i, euk), (5.1) 

k&a,N 

where function is determined by the identities: 

Wr{x,e):=W:[x,^^, e > 0, W^(x,0):=0. (5.2) 

By (cj) we denote the operator of multiplication by function Qosc{.x,e,u). 

Due to the smoothness of IT®, function Qosc is twice continuously differentiable 
w.r.t. X in LI. Moreover, uniform in a; G LI, e, ca estimates 


(ecufc)^ “ ^ - k,Xn+i,eu;k)x{x'- k) 

^ IT“‘=(a;' - fc, Xn+i, eu:k)x{x' - 


^ Ce^-\ 


k) 


T Ce 


1—a 


(5.3) 


hold true. This is why operator V^’“'^(ci;) is bounded and boundedly invertible in 
^ 2 ( 110 ,at) and maps the domain of operator 'H^’“'^(a;) onto itself. As in fl4.7p . in 
view of equation fl2.16p . one can easily check that 


(^)v:’j(^) = -A + ^ 0 + 

/^+l Q 

T ^ ^ (^^^fc) f ^ ^ Aj osc (^X ky Xn-\-lj 

a,N i —1 


T Aq qsq(x ky XYi-\-\y EUk)^ ■ 


(5.4) 
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Operator in the right hand side of this identity is considered in IIq, with the same 
boundary conditions as Coefficients Aj^oso ^o,osc read as 


^J,OSc(^) A) 
^0,osc(3^) A) 



The hrst two terms in the brackets in the right hand side of the formula for Ao,osc 
should be treated in the sense of the partial derivatives w.r.t. x and ^ for function 
iy®(x,^) followed by the substitution ^ = f • 

It follows from estimates 05.31) that functions e), Ao,osc(a;, s) are bounded 

uniformly in x, £ and ujk- The right hand side of identity 05.41) can be represented 
as 03.41) satisfying at the same time Assumptions OAip . 0A2p . 

In order to do it, we shall make use of the following auxiliary lemma. 

Lemma 5.1. Suppose that function w = w{x,f) defined in is 1-periodic 

w.r.t. each of variables fi, i = 1,... ,n, and is compactly supported w.r.t. x: 


supptc(-,.^) C M C □ for each f G R", 

where M is a some fixed set. Suppose that 
(9l“l + l/3U,; 

e C(R^-+^), |/3| ^ 1, 

for some m G IN. Then the asymptotic identity 

f w(^x,—^ dx = f dx f w{x,f)df + 0{e^) 

□ □ (0,l)-+i 


(5.5) 


(5.6) 


(5.7) 


holds true. 

Proof. Passing to the function 


(x,0 ^ w{x,f) 


j w{xX)dC, 
(0,1)"+1 


we see that it is sufficient to prove the statement of the lemma for the case 


J w{x,f)df = 0 X G □. 
( 0 , 1 )’*+! 


(5.8) 
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Thanks to this identity, the boundary value problem for the equation 


= ta, ^ e (0,1)"+^ 


subject to periodic boundary conditions is solvable for each x G □ and there exists 
the unique solution satisfying condition fIS.Sp . This function possesses the following 
smoothness: 








a\ ^ m, |/5| ^ 2. 


(5.9) 


As w, function w* is compactly supported w.r.t. 
identity 


n+l r., 

2 V ^ uW^ 

^ ^ dxj di, 


n+l 


i=i 


dxjd^j 


X. By the equation for 



+ w (x. 2) 




the 


holds true, where the derivatives in the right hand side are treated as the partial 
derivatives w.r.t. x and ^ for function w{x,^), and the derivative w.r.t. in Xj in 
the left hand side is the total derivative w.r.t. Xj for a function depending of x 
and x/e. In view of the last identity we have: 



(5.10) 

We observe that each of the integrands in the left hand side of the obtained identity 
has smoothness fl5.6p with m replaced by m — 1 and satishes condition fl5.8p . 
Applying identity flb.lOp as many times as needed, we arrive at the statement of 
the lemma. □ 


We denote 


-a—1 


: = 


V’o(^n+l) 


i—I .7 — 1 


n+l 




X, (^x, ^ dx. 


n 

By the hrst estimate in fl5.3p . the identity 

1 


1 + 


— 1 + 0(e: 


2 —a\ 


(5.11) 


holds true uniformly in x G □. This is why Lemma 15.11 condition fl2.17p and the 
smoothness of function imply the identity 


= 0{e). 


(5.12) 
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Let us define operator C{t). We let 


n+l 


d 




i=i 
._ 1 (^( 2 ) 


C2it) := ^(t) := 0, 


as t > 0 , where 


(5.13) 


Kj%{x,t) := -^ 




d 


1 + 


wr{x,t—), 


■= -23^ 


71+1 




X, 


X 


+ iii:(A,VU) 


<icUi) :=-T°^{t^-) + W(x) + 


W" (x, (x,^ 

_ V ti-a / _ V 

1 + t“) 


and for t = 0 , operators £* are determined by the formulae 
£i(0) :=0, £3(0) :=0, 

£ 2 ( 0 ) :=^ f W {x)^jJQ{xn+l) dx 


□ 


dx^lJ^,{Xn+l) / |VgW:(x,0|2 de¬ 


co,!) 


n+l 


(5.14) 


It is easy to make sure that under such choice of operator C(t), the right hand side 
of fl5.4p becomes fl3.4p . if as a new small parameter we choose and as new 
random variables we take 

Let us check Assumptions flAip . flA2p . The hrst of the assumptions follows 
directly from the definition of quantity and coefficient 

Let us check Assumption flA2p . namely, estimate fl3.5p . First we find out the 
behavior of scalar product (£ 2 (t)' 0 O 5 V'o) L 2 (d)- order to do it, we employ estimate 
fl5.12p . identity fIS.lip and Lemma ISTTl 


(£2(t)'0oi '0o)L2(n) 


j I<^Sosc{x,'t)^oi^n+l)dx = J W{x)^|Jl{Xn+l) dx 

□ □ 


+ j ^PUxn+l)W^ 

L2{n) 


X, 


X 




Wr{x,t^)dx + 0{t^) 


20 

























= j W{x)^pl{Xn+l) dx 

□ 

+ [ ^liXn+l)W' (x, ly" (x, dx + O(t^) 

J \ t~J \ t~J 

L2{U) 

= f W{x)'ipl{xn+i) dx + f dx tlj^Xn+i) j W{x,^)W^{x,^)d^ + 0{t^). 

□ □ ( 0 , 1)’>+1 

In view of equation fl2.16p and boundary conditions for Wf, we can integrate by 
parts in the latter integral: 

j dx'ipl{xr,+i) j 

□ (0,l)"+i 

= j dx^lJl{xn+l) j iy"(a;,0A5hb"(a;,0c?^ 

n (o,i)"+i 

= -J dxiji{xr,+,) j \v^w:{x,o\"w:{x,od^. 

□ ( 0 , 1)"+1 

We finally obtain: 


(£ 2 (t)V’o,' 0 o)L 2 (n) = j W {x)^jJQ{Xn+l) dx 

L2{0) 

- j dx^lJl{Xn+l) J \V^W:{x,0\"W:{x,0d^ + OitTh^). 

n ( 0 , 1 )"+! 


(5.15) 


Let us find out the behavior of the solution to equation 
side of this equation is the function 


fl3.2p . The right hand 


{Ci{t)i)o){x,t) 


_ i’ojxn+i) 1^2 ^ (x ^ ^ 


For the solution to equation 03.21) with such right hand side, one can construct 

its asymptotic expansion for small t by the multiscale method [H] • This expansion 

is valid at least in the norm of L 2 (n). The leading term of this expansion is a 

2 

quantity of order This is why 

{U, Cl{t)^jJo)L^(^o) = f —)■ 0. 
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Hence, in view of flS.lSp we have: 


{C,2{t)i^O,i^o)L2{U)- {U,Ci{t)i)Q)L^(U)= j W {x)'lpQ{Xr,+ i) dx 

L2(a) 

- j dx^l)l{xn+l) j + 

□ ( 0 ,l)"+i 

j ^dx 

L2(D) 

-\jdxti^iix^^,) j \v^w:{x,o\^w:{x,od^ 

□ ( 0 , 1)"+1 


(5.16) 


for snfficiently small t. It proves Assnmption flA2p for f > 0. As f = 0, we have 
d^i(t)'ipo = 0, U = 0, and estimate fl5.16p is satished by the dehnition of /l2(0), cf. 

dill. 

Let us check estimates CT . As in the previous section, to prove the right 
estimate, we apply the minimax principle with test function 'ipQ: 




+ 


E 


ll^ollL 2 (n.,^) 

rr“i iTo 


^Ao + 


E 


_ k,Xn+i,eu;k)'ipo,A)L^^u^j^) 
n 'i iTo 


E llV’o|li2(n) 




^Ao + 


''sr’o, jv 


L2iO) 


E llV'o|li2(n) 

kGTa^N 


=Ao + Y1 f (x,^']ij^{xn+i)dx. 

I I hav 1 V 7 \ ^ / 

a,N Q 




By Lemma 15.11 and Assumption fl2.18p it yields: 

^ ^0 + Ce^ “ ^ Aq + C > 0 , 

where constant C is independent of £ and N. In view of fl2.19p . for sufficiently 
large Ni it implies the right estimate in fl3.6p . 
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In order to prove the left estimate in fl3.6p . completely by analogy with the 
previous section on the basis of the minimax principle we get the lower estimate: 


\ £,OSC 


(a;) 




min A 


e^osc 

k,l 




(5.17) 


where is the smallest eigenvalue of operator on cell Dfc subject 

to appropriate boundary conditions. At the same time, it is an eigenvalue of the 
operator In accordance with identity fl5.4p . the 

latter is a small regular perturbation of the operator —A + Vq in subject to 
appropriate boundary conditions. Then in accordance with regular perturbation 
theory, the asymptotics for eigenvalue reads as 




+ 


p'l 


p'l 


((A(^|^fc)t/’oPo)L2(n) “ iU, Ci^eujk)^^^)L2 {u)) 


where U is the solution to equation flA2p with right hand side Ci^eujk)^^^- By 
formula fIS.lbp and Assumption flAip it follows that 


=^0 + —{^j W{x)^p^{Xn+l) dx 

□ 

- f dx^/jlixn+i) j |V^iy:(a:,0|Pe) +0((£a;fc)3-3“) 

□ ( 0 , 1 )'*+! 

that implies 

A^,;r (a;.) ^ Ao 

for sufficiently small e. By (15.17p it proves the leftt estimate in fl3.6p and completes 
the proof of Theorem 12.21 

Remark 5.1. The idea of constructing operator is borrowed from works 

H, 0, where a similar operator was constructing in one-dimensional case. In the 
present work this approach is extended to an arbitrary dimension. 


6 Random delta-interaction 

In the present section we study operator and prove Theorems l2. 3112.6112.9112.121 

It was shown in papers [TJ Ex. 5], [H Ex. 5] that by means of a certain 
change of spatial variables and a multiplication by a certain function, the operators 
with delta-interactions can be reduced to usual differential operators keeping the 
spectrum and the self-adjointness. Applying the results of works [3 Ex. 5], |8l Ex. 

5] to our operator we arrive at the following statement. 
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Lemma 6.1. There exists a change of variables y = {yi,..., yn+i), Vi = Viix, eoj), 
i = 1,..., n + 1, such that 

1. Outside small fixed neighborhoods of surfaces Sk, k E T, change x y is 
identical, i.e., yt = Xi. Change x ^ y maps each cell onto itself. 

2. Functions yi are twice differentiable functions and their second derivatives 
are piecewise continuous. 

3. Let p = piy, ecu) be the Jacobian of change x ^ y, i.e., 

where the matrix in the left hand side is the Jacobi matrix of the change. 
On functions u G L 2 {Jla,N), u = u{y) we define the operator in terms of the 
inverse change x = x{y,euj): 

■=P~^{x{y,euj))u{x{y,eu)). 


The identity 

= - A + Vi 

+ euJkS{k)JOl[euJk)S{—k) 

holds true, where M{t) is a symmetric second order differential operator with 
piecewise coefficients vanishing outside a small neighborhood of surface S. 

4 . The identity 

s 

holds true. 

We define operator C(t): 

Ci-.= 0, C 2 {t):=M{t- 2 ), Cfit)-.= 0, C{t) ■.= tM{t), tG[0,to]. 

In accordance with Statement [3] of Lemma 16.11 the left hand side of identity fl6.ip 

1 1 

coincides with operator fl3.4p if as a new small parameter we take and uf as 
new random variables. At that, Assumption flAlD holds true. The solution of the 
corresponding equation fl3.2p vanishes, and thus, by fl2.2ip . Assumption flA2p is 
also satisfied. And since operators £j, i = 1,2,3, are symmetric, we can apply 
directly the general results of Theorems 13.1113.2113.3113.41 It leads us immediately 
to Theorems ESI ESI EH 12421 
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